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Abstract. We find lower and upper bounds for tlie first eigenvalue of a nonlocal diffu- 
sion operator of the form T{u) — — J^^ K{x, y){u(y) — u{x)) dy. Here we consider a kernel 
K{x,y) = ^p{y — a{x)) + tp{x ~ a{y)) where i/i is a bounded, nonnegative function supported in 
the unit ball and a means a diffeomorphism on K''. A simple example being a linear function 
a{x) = Ax. The upper and lower bounds that we obtain are given in terms of the Jacobian 
of a and the integral of ?/'. Indeed, in the linear case a{x) = Ax we obtain an explicit ex- 
pression for the first eigenvalue in the whole M"^ and it is positive when the the determinant 
of the matrix A is different from one. As an application of our results, we observe that, 
when the first eigenvalue is positive, there is an exponential decay for the solutions to the 
associated evolution problem. As a tool to obtain the result, we also study the behaviour of 
the principal eigenvalue of the nonlocal Dirichlet problem in the ball Br and prove that it 
converges to the first eigenvalue in the whole space as R ^ oo. 



1. Introduction 

Nonlocal problems have been recently widely used to model diffusion processes. When 
u{x, t) is interpreted as the density of a single population at the point x at time t and J{x — y) 
is the probability of "jumping" from location y to location x, the convolution (J * u){x) = 
f^d J{y — x)u{y, t) dy is the rate at which individuals arrive to position x from all other 
positions, while — f^a J{y — x)u{x, t) dy is the rate at which they leave position x to reach 
any other position. If in addition no external source is present, we obtain that u is a solution 
to the following evolution problem 

(1.1) utix,t) = J{y - x){u{y,t) - u{x,t))dy. 

This equation is understood to hold in a bounded domain, this is, for x € and has to be 
complemented with a "boundary" condition. For example, tt = in M*^ \ which means that 
the habitat Q is surrounded by a hostile environment (see [16] and |15j for a general nonlocal 
vector calculus). Problem (jl.ip and its stationary version have been considered recently in 
connection with real applications (for example to peridynamics, a recent model for elasticity), 
we quote for instance P, [H], [12], [H], [6], [l3], [H], [8], [7], [M], [25], [26] and the recent 
book [3]. See also [21] for the appearance of convective terms, |2] for a problem with nonlinear 
nonlocal diffusion and [9], |10) for other features in related nonlocal problems. 
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On the other hand, it is well known that eigenvalue problems are a fundamental tool to 
deal with local problems. In particular, the so-called principal eigenvalue of the Laplacian 
with Dirichlet boundary conditions, 



(1.2) 



-Av{x) = av{x), X € J7, 

v{x) = 0, X G d^, 



plays an important role, since it gives the exponential decay of solutions to the associated 
parabolic problem, ut = An with u\qq = 0. The properties of the principal eigenvalue of (|1.2p 
are well-known, see |19j . 



For the nonlocal problem, in [18j the authors consider the "Dirichlet" eigenvalue problem 
for a nonlocal operator in a smooth bounded domain Q, that is. 



(1.3) 



(J * u){x) — u{x) = —Xu{x), X € f2, 

n(x) = 0, xeR'^\n. 



They show that the first eigenvalue has associated a positive eigenfunction and that the 
eigenvalue goes to zero as the domain is expanded, i.e., Xi{kQ) ^ as A; — )• oo. In addition, 
it is proved in [7] that solutions to (II. ip in the whole M'' decay in the L'^-norm as t~'^^^. 
Therefore the first eigenvalue in the whole space M'^ is zero for the convolution case. When 
we face a convolution one of the main tools is the use of the Fourier transform, see [7]. 

For more general kernels, in [22j energy methods where applied to obtain decay estimates 
for solutions to nonlocal evolution equations whose kernel is not given by a convolution, that 
is, equations of the form 

(1.4) ut{x,t)=l K{x,y){u{y,t) -u{x,t))dy 

with K{x, y) a symmetric nonnegative kernel. The obtained decay estimates are of polinomial 
type, more precisely, ||^i(-,i)||L2(]Rd) < Ct~'^/^. We remark that this decay bound need not be 
optimal, in fact, in [22j there is a particular example of a kernel K that give exponential decay 
in L^(R). The exponential decay of solutions suggests that the associated first eigenvalue is 
positive. 

Our main goal in the present work is to study properties of the principal eigenvalue of 
nonlocal diffusion operators when the associated kernel is not of convolution type. Some 
preliminary properties are already known, as existence, uniqueness and a variational charac- 
terization. To go further, we need to assume some structure for the kernel. Let us consider 
a function ip nonnegative, bounded and supported in the unit ball in W^. We associate with 
this function a kernel of the form 

(1.5) K{x,y) =^{y - a{x)) +'tp{x - a{y)) 

where a{x) is a diffeomorphism on M'^. Note that K is symmetric and that the convolution 
type kernels also take the form (|1.5p (just put a{x) = x). For this kernels let us look for the 
first eigenvalue of the associated nonlocal operator, that is, 

(1.6) -/ K{x,y){u{y) - u{x))dy = Xiu{x). 
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Some known results (that we state in the next section for completeness) read as follows: 
For any bounded domain there exists a principal eigenvalue Ai(0) of problem (II. 6p with 
n = in R'' \ fi. The corresponding non-negative eigenfunction 4>i{x) is strictly positive in Q. 
Moreover, the first eigenvalue is given by 



(1.7) Ai(!^) = inf 



K{x,y){u{x) — u{y))'^dxdy 



/ u^{x)dx 



Here we have denoted by u the extension by zero of u, 

~f \ — j ^(^)' X ^ Q,, 

"^^^ ~ \ 0, x(£R'^\n. 

We will use this notation trough the whole paper. When we deal with the whole space we 
have 

/ / K{x,y){u{x) - u{y)fdxdy 

(1.8) Ai(M^)= inf ^-^^ J . 

/ u'{x)dx 



The main results of this paper are the following: 

Theorem 1.1. Let he a hounded domain with € and consider its dilations hy a real 
factor R, RQ. = {Rx : x G 0,}. Then 

(1.9) Ai(M'^) = lim Xi{Rn). 

_R— s>oo 

Now, we state our result concerning lower bounds for the first eigenvalue. 

Theorem 1.2. Assume that the kernel is given by (jl.5p and that the Jacobian of , Ja-^, 
verifies 

sup I Jfj-i (x)| = M < 1 or inf J J^-i (x)| = m > 1. 

Then 



in the first case and 



in the second case. 



Xi{R'^) > 2(1 - Mi/2)2 Q ^ ^(x)dx^ , 

Al(M'^) > 2(772^/2 _ ;^)2 /■ ^j^^^^,^ 



Concerning upper bounds we have the following less general result. 

Theorem 1.3. Let a he a diffeomorphism homogeneous of degree one, that is, a{Rx) = Ra{x). 
Assume that the kernel is given by (II. 5p . Then 



(1.10) Ai(M'^)<2(/" ^{x)dx] inf [ {^{x) - ^{a{x)))^ dx , 

where the infimum is taken over all functions (p supported in the unit hall of ] 
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Remark 1.1. Since we can consider (p > 0, we get 

[(j){x) — (j){a{x)))'^ dx = / (j?{x)dx+ / (j? {a{x))dx — 2 / (f){x)(f){a{x))dx 

< / (/>^(x)dx+ / (l)^{a{x))dx. 
Hence, from (jl.lOp we immediately obtain the following bound 

(1.11) Ai(M'^) < 2(1 + sup |Ja-i(a;)|) ( / 'il^{x)dx] . 

For invertible linear maps a on R'^ we obtain the following sharp result. 
Theorem 1.4. Let K be given by (|1.5p with an invertible linear map a{x) = Ax. Then 

(1.12) Ai(IR'^) = lim \i{Br) = 2(1 - | det(^)r^/2)2 ( f ^(j.)^^, ] _ 

Remark 1.2. Note that for a linear function a the bound (jl.lip is not sharp. However, 
Theorems ] 1. 'A and \l.'J[ provide lower and upper bounds for Ai(IR'^) when M < 1 or m > 1 that 
depend linearly on J Tp in terms of the jacobian of the diffeomorphism . 

As an immediate application of our results, we observe that, when the first eigenvalue is 
positive, we have exponential decay for the solutions to the associated evolution problem in 
R'^. In fact, let us consider, 

ut{x,t) = / K{x,y){u{y,t) - u{x,t))dy, 

with an initial condition u{x, 0) = uq{x) G L^(M'^). Multiply by u{x, t) and integrate to obtain 
1 d f 2 



2di / (^'*)^^ =11 K{x,y){u{y,t) -u{x,t))u{x,t)dydx 



K{x, y){u{y, t) — u{x, t))'^ dy dx 



< — -Ai / u^{x,t)dx. 

2 jRd 

Thus, an exponential decay of u in L^-norm follows 

u^{x,t)dx< ( / u'^{x,0)dx] -e"^!* 



The paper is organized as follows: in Section [2] we collect some preliminary results and 
prove Theorem 11.11 while in Section [3] we collect the proofs of the lower and upper bounds 
for the first eigenvalue; we prove Theorem 11.21 Theorem 1 1 . 3 1 and Theorem II. 4[ 

2. Properties of the first eigenvalue. Proof of Theorem 11.11 



First, let us state some known properties of the first eigenvalue of our nonlocal operator. 
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Theorem 2.1. For any bounded domain $7 there exists a principal eigenvalue Xi{0,) of prob- 
lem (jl.6p . i.e. the corresponding non-negative eigenfunction (piix) is strictly positive in Jl. 



Proof. It follows from [23]. □ 
Theorem 2.2. The first eigenvalue of problem (jl.6p satisfies 

L L K{x,y){u{x) -u{y)f dxdy 

(2.1) Ai(17) = inf 



Proof. See [I8]. □ 

Now, to simplify the presentation, we prove Theorem 11.11 in the special case of balls Bn 
that are centered at the origin with radius R (we will use this notation in the rest of the 
paper) and next we deduce from this fact the general case, a bounded domain. 



Lemma 2.1. Let be defined by ([TH]). Then 

(2.2) Ai(M'^) = hm Ai(i?R). 

Proof. First of all, observe that for any Ri < R2 we have Bji^ C Bji^ and then 

Ai(5i?J > Xi{Br,) > 0. 
Then we deduce that there exists the limit 

lim XiiBj^) > 0. 

Step I. Let us choose u G L'^{Bf(). By the definition of Ai(M'^) we get 

K{x,y){u{x) -u{y)fdxdy / / K{x,y){u{x) - u{y)fdxdy 



R 



u^{x)dx I u^{x)dx 



> Ai(M'^). 



Taking the infimum in the right hand side over all functions u G Lp'{Bsi) we obtain that for 
any i? > 

(2.3) \i{Br) > Ai(R'^). 

Step II. Let be e > 0. Then there exists G L^(M) such that 

/ / K{x,y){ue{x) -Ue{y)fdxdy 

(2.4) Ai(M'^) + e> ^^M^^ j . 

/ u1{x)dx 

We choose Us^r defined by 

Ue,Ri^) = Ueix)XBR{x). 
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We claim that 

(2.5) / ji{x)dx ^ / ul{x)dx 

Jbh ' JR'i 

and 

\2 



(2.6) / / K{x,y){ue,R{x) - Uefiiv)) dxdy^ / K{x,y){us{x) - Us{y)) dxdy. 

Assume these claims for the momment; using that u^^r vanishes outside the ball Br and the 
definition of Xi{Br) we get 

K{x,y){ue,R{x) -Ue,R{y)fdxdy 

> \i{Br). 



R 



Ue,R{x)dx 

Using claims (j2.5p and ()2.6p and taking i? ^ oo we obtain 

K{x,y){ue{x) - Ue{y)fdxdy 



> lim \i{Br) 

u^[x)dx 

By (I23D, for any e > 0, we have Ai(R'^) +e> limi^^oo >^i{Br). Thus 

Ai(M'^) > lim Xi{Br). 

Using now (j2.3p the proof of (j2.2p is finished. 



It remains to prove claims (j2.5p and (j2.6p . The first claim follows from Lebesgue's domi- 
nated convergence theorem, since \us^r\ < {usl € L^(M'^). For the second one we have that 

Ue,R{x) - Uefi{y) ^ Ue{x) - Ue{y), aS R ^ OO 

and 

(2.7) K{x,y)\u,,R{x)-u,,R{y)\^ < 2K(x, y)(n2 ^(x) + ^(y)) < 2K(x, y)(n2(x) + ^^^(y)). 
We show that under the assumptions on K the right hand side in (|2.7p belongs to L-'^(M'^ x M^): 

K{x,y){u'^{x) + u'^{y))dxdy = 2 / / K{x,y)u^{x)dxdy 



= 2 / M^(j;)(ix / K(x, y)dy < 2 sup / K{x,y)dy / u'^{x)da 
<2 i;{x){l + \Ja-i{x)\)dx ul{x)d<C ul{x)dx. 



Applying now Lebesgue's convergence theorem we obtain (j2.6p . □ 

When we consider dilations of a domain with € we get the same limit. This provides 
a proof of Theorem II. H 
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Proof of Theorem \l.l[ Let us consider Bj.-^ C C then 
and we just observe that 



hm Xi{RBr,)= hm Xi{RBr^) = Xi{W). 



This ends the proof. 



□ 



3. Proofs of lower and upper bounds for the first eigenvalue 
In this section we obtain estimates on Ai(M'^) defined by (jl.Sp . First we prove Theorem II .21 

Proof of Theorem \1.SX First of ah, let us perform the following computations: let be a 
positive constant which will be fixed latter. Using the elementary inequality 



(6 _ cf = b' + c'- 2bc >b^ + c'- 9b' - -J = (1 - e){b' - U 



we get 



// ip{y - a{x)){u{x) -u{y)fdxdy > {1 - 6) [ [ ij{y - a{x))(u'{x) -^^-^\dxdy 



{l-e)( u'{x)dx i^{y)dy-\l u'{y) I i^iy - a{x))dxdy) 

{1-9)1 u'{x)( [ '4){y)dy-\[ i;{x - a{y))dy)dx 

(1-6) [ u\x)( [ i^{y)dy-l [ ^{x - y)\\J,-i{y)\\dy)dx 

{i>^\J,-r\){xy 



i^{y)dy / u {x 



Then 
1 



K{x^ y){u{x) — u{y))'' dx dy 
( l-( 



> < 



1 



> < 



^{y)dy] I u'{x)^ 
^{y)dy] I u'{x) 



i'{y)dy 
inf ip * I Ja-i 



dx, 



Jf,d V'(y) dy 



ij{y)dy] / u'{x){e - M)dx 



'ip{y)dy] / M^(x) ( m — 6* ) 



dx, 



< 1, 



> 1. 



< 1, 



> 1. 



In the first case we choose 9 = M^^'^ . In the second case we get B = m}/"^ 
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Therefore, the statement holds from the definition of Ai(]R'^). 



□ 



In the following we deal with upper bounds for the first eigenvalue. 

First, let us state a lemma with an upper bound for \i{Bfi) in terms of the radius of the 
ball, R, and the function ip. Note that here we are assuming that a is 1— homogeneous. 

Lemma 3.1. Let K{x,y) = 'ip{y — a{x)) + ^(x — a(y)) with an 1— homogeneous map a. For 
every 5 > there exists a constant C{6) such that the following 

Ai(Sii) < (2 + <5) I ij{z)dz [ U{x) - </.(a(x)))'dx 

+ ^ f i^i^M^dz [ [V0(x)|2(ix sup \Ja-i{y)\ 

holds for any function (j) supported in the unit hall with \\(t>\\L'^(B-i_) — 1 '^'^^ i? > 0. 



Proof. Let (/> be a smooth function supported in the unit ball with Jg (jp'{x)dx = 1. Taking 
as a test function <j)R{x) = (/){x/R) in the variational characterization (|1.7p . we obtain 



K{x,y){(l)R{x) - (j)R{y)) dxdy 
Xi{Br)<^^^ J. = —J / K{x,y)U{^)-4>{j-)] dxdy 

Jbr 

= R'' [ [ K{Rx, Ry) U{x) - \xdy. 

jRd J^d \ / 

Using that K(x, y) = ip{y — a{x)) + ^{x — a{y)) and that the right hand side in the last term 
is symmetric we get 



\i{Br) <2R'^ / ij{Ry - a{Rx)) U{x) - (p{y)) dxdy 

jRd jRd ^ ' 

jR<i JRd ^ it / 

<i2 + 6)[ [ ^{z)U{x)-^(^^)fdxdz 



jRd jRd \ n K / 

<{2 + 6) [ ij{z)dz [ (^{x) - (j){a{x))Y dx 

jRd- JRd ^ ' 

\ V'(^) / f / ^4>[a{x) + s^) ■ zds^ dxdz. 

R ./irl^l ./iBd ^ ./n R / 
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Observe that we have 





.a 


J\z\<l JR' 





1 Z \2 

S/(j){a{x) + s— ) • zds I dxdz 
R ' 



Jo 



1 sz. 



< I V'WkP /_ / \V^{aix) + —)\'^dsdxdz 



/ / \\/(l)[x + ^)\'^\Ji^-i{x)\dxdsdz 

Jo JRd ^ 

/ / \V(t)[x)\'^\Ja-i{x — ^)\dxdsdz 

Jo J\x\<l R 



l\x\ 

< I ij{z)\z\^dz I \V(f){x)\^dx sup 14-1 (y)l 



Hence, we have 



\i{Br) <{2 + 5) I ip{z)dz [ U{x) - <P{a{x))) 

hifd nod \ / 



2 

dx 

jR'i ' ' JR'^ V ' ' - > - - y 

+ ^/ i^i^M^dz I |V0(x)pdx sup |4-i(2/)|, 
-n- JR'^ JR'' y<^Bi^i/ii 

as we wanted to show. □ 

Now we are ready to prove our general upper bound. 

Proof of Theorem \1.3l Let us fix > and a function (j) supported in the unit ball with 
||(/)|[^2(igd) = 1. We apply Lemma [3?T] and let R ^ oo. Then 

Xi{R'^)<{2 + 6) [ ^{z)dz j U{x) - c^{a{x))f dx 
Letting 5 ^ we obtain the desired result. □ 

Now, we deal with the case in which a is an invertible linear map on of the form 
a{x) = Ax. To clarify the presentation we first treat the case of a diagonal matrix A. We 
then extend the result to the case of a general matrix. The proof in the first case is simpler 
while the proof of the general case is more involved and requires different techniques. 

Lemma 3.2. Let a{x) = Ax he an invertible linear map that in addition is assumed to be 
diagonal, that is, a(x) = (aixi, . . . , a^jx^)^ with ai € M. Then, if we consider functions 
(j) E L'^{W^) supported in the unit ball, we have 



(3.1) inf / ((^(x) -(^(a(x)))^dx = (1 - [det(^)|-^/2)2_ 

Il<(!'lli2(s^)=l JR<i ^ ^ 
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Proof. For any function cp as in the statement we have 

2 



0(x) - (l){a{x))^ =1 + 1 det(A) | 



0(x)(/)(a(x)) 

> 1 + |det(A)|^^ -2 f / </.2(x)dxV f / (/)2(a(a;))(ix 
= 1 + 1 det(A)r^ - 2| det(A)ri/2 = (1 _ I det(^)ri/2)2 



1/2 



In order to prove (|3.ip we need to show the existence of a sequence of functions (p as in the 
statement such that 



/ 



(t){x)4>{a{x))dx 



^1. 

Choosing (j) of the form (we use a standard separation of variables here) 

d 

= \[<t)i{Xi)XBM)^ X = (xi,...,Xrf), 

i=l 

with e small enough such that (/> to be supported in the unit ball we reduce the problem to 
the one dimensional case: a{x) = ax and construct a sequence of functions (j)a supported in 
[— e, e] such that 



1. 



JR 


(j)a{a{x)))dx 




1 (pl{x)dx 

R 



We choose 



1 



Then 



and 



(p'^{x)dx 

(l)a{x)4>a{a{x))dx 

= 



■X{Q,e){x), with cr < 1/2. 



1 



.1-2(7 



Ixp"^ I -2a 

min{e,£/Q} -j^ y 



\x\" \ax\" 

m\n{e,e/a} ^ a"'^ min{e, e/o} 



1-2(7 







\x 



2(7 



(t)a{x)(t)a{a{x)))dx 



Thus 



j ^l(^x)dx 

This ends the proof. 



a min{e, e/a}^ 

0-1/2^1-2(7 



1 - 2a 



1, as a ^ 1/2. 



□ 



We proceed now to prove our result concerning linear functions a when A is diagonal. 
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Theorem 3.1. Let a{x) = Ax he an invertible linear map that in addition is assumed to be 
diagonal, that is, a{x) = {aixi, . . . , a^Xd)'^ with Ui G M. Then 



lim Xi{Br) = 2(1-1 det{A)\-^/^f [ ij{z)dz. 



Proof. Using the results of Theorem 11.31 and Lemma [3.2l (here we are using that A is diagonal) 
we obtain that 



lim Xi{Bii) < 2(1 - \det{A)\-'^/^f [ ^{z)dz. 
lorem 11.21 gives us that 
lim XiiBn) = Ai(M'^) > 2(1 - | det(^)|-^/2)2 f 



R 

On the other hand Theorem 11.21 gives us that 



R-^ 

Thus we conclude that 

lim Xi{Br) = 2(1-1 det{A)\-^/^f [ ij{z)dz. 
and the proof is finished. □ 

Now our task is to extend the result, using different arguments to a general lineal invertible 
map a{x) = Ax. In this case we use the Jordan decomposition of A. 

Recall that a linear map a : W^, a{x) = Ax is called expansive if the absolute value 

of the (complex) eigenvalues of A are bigger than one. 

Lemma 3.3. Let a : M*^ — )■ be an invertible linear map. If a or a^^ is expansive then for 
functions (j) £ L'^{W^) supported in the unit ball with \\(f)\\L^(Bi) = 1 the following holds: 



sup 



<j){x)<j){a{x))dx = |det(A)|-i/2_ 



Moreover, the supremum is not attained. 

Proof. First, given (p as in the statement, we observe that 
(3.2) / <p{x)<p{a{x))dx < ( [ 02(x)dx) ( [ <tP'{a{x))dx 



Hence 



sup 



(t){x)(t){a{x))dx < |det(A)|-i/2_ 



Observe that in (|3.2p we cannot have equality since in this case (f){a{x)) = fi(j){x) a.e for some 
constant fi. Since a is expansive this implies that <j) should vanish identically. 

Now we want to obtain the reverse inequality. Let us assume that a is expansive. So, there 
exists B C M*^ a ball with center the origin such that a~^{B) C Bi, Vj G {0, 1, . . . , }. Take 
the following sets 

oo 

F=[Ja-^{B), Ei = a''{F)\a-'-\F), for / e {0, 1, . . . } 

j=0 
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and 

E=[J E,. 

3=0 

Observe that given / E {0, 1, . . . } we have | Ei \(i> 0. Here and in what follows we denote by 
I • \d the Lebesgue measure of a set in M°'. 

Since | det A| > 1, then 

\a-\F)U = \a{a"'-\F))U = \det{a)\\a-'-\F)U > |a-'-^(F)|,. 
Next, let us observe that 

(3.3) Ej nEi = (D if J, / G {0, 1, . . . } and j / /. 

Also, since F D a^^{F) D a^'^{F) D . . . we have 

\EjU = \a-^{F)U-\a-^-HF)U = \det{A)\-^i\FU-\a-HF)U) = \det{A)\-^\EoU. 

For any < o" < | det(74)|^/^ we now choose 

oo 
j=0 

These functions are supported in the unit ball and belong to L^(M'^), in fact, 

oo oo 

MhiR^) = = \Eo\dY,a^'\det{A)\-^{< oo). 

j=0 j=0 

On the other hand, 

„ oo oo 

/ Mx)Ma{x))dx = S2a^-'a^\EjU = y^a^~'a^\det{A)\~^\EoU 

,=1 ,=1 

oo 

= cT|det(^)|-il^oU J^'72(j-i)|det(^)|-J'+i 



Thus 



a\detiA)\-'UJl, 



(j){x)(j){a{x)))dx 

- a\det{A)\~^/^ ^1, as a ^ (| det(A)|i/2)-, 



|det(A)|-i/2 / 02^^)^^ 
Jr 

which proves Lemma 13.31 in the case of an expansive function. 

Assume now that is expansive. Let </> as in the statement, then after the change of 
variable a{x) = y we have 



(j){x)(j){a{x))dx = \det{A)\~'^ / (t){x)(t){a~'^ {x))dx. 
Hence, the proof finishes using the previous expansive case. □ 
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Lemma 3.4. Let a : M'^ — )• M*^, a{x) = Ax be such that A is diagonalizable with all of 
its complex eigenvalues having the absolute value equal to one. For functions (j) G L'^{W^) 
supported in the unit ball with \\4>\\l^(Bi) = 1 following holds 

sup / (j){x)(j){a{x))dx = max / (f){x)(t>{a{x))dx = 1. 

<j) jRd <t> Jr'' 



1 — 1/2 

Proof. Take <j) = \Bi\^ XBi where XBi is the characteristic function of the bah with center 
the origin and radius 1. Since (j){a{x)) = XBii^)^ then the assertion follows. □ 

Lemma 3.5. Let a : M'^ — )• W^, a{x) = Ax be an invertible linear map such that the corre- 
sponding matrix associated to the canonical basis is given by 

(\ 1 

(3.4) Jfc(A) = 



or 



(3.5) 



Jk{e) 



where A € {±1}, € 



M 



cos u 
— sin ( 



V 



M 



sm f 
cos ( 



1 

A ^ 
\ 

I 

M / 



and I 



functions (j) € L'^{W^) supported in the unit ball with \\(j) 

sup / (l){x)(j){a{x))dx 



1 
1 

L2(Bi) = 1, we get 
= 1. 



Then, if we consider 



Proof. Case I. Assume that the corresponding matrix of the linear map a associated to the 
canonical basis is given by daai). Given j G N, {pf = {X^ + jA^-\ A^ 0, . . . , 0)* where 
p = (1, 1,0, ... ,0) € M''. Observe that a^(p) / a'(p) if l,j G N and j / /. Indeed \\a^{p) - 
a^(p)|| > 1 if j / L Thus, a^{Bi/^{p)) n a'(5i/4(p)) = if j / /, where Bi/^ip) is the bah 
with center the point p and radius 1/4. 

Given G N, /c > 5, set the function 

k 

j=0 

Observe that the function 0^. is supported in the unit ball. If x is in the support of (pk then 
there exists j G {0, 1, . . . , k} such that \x — a^{p)\ < 2~^~'^ and we have 

|x| < |x — a-'(p)| + |a-'(p)| 

< 2-'=-2 ^ 2-^X(l + k f + 1)^/^ < 2-''-^ + 2-''3k < 2-^+^3^ < 1. 

Further, 

k 
j=0 
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On the other hand, 

f <Pk{x)(t^k{a{x))dx = V|a^'(2-^i?i/4(p))|d = 2-^^(A;)|i?i/4(p)|rf 



Thus 



/ (l)k{x)4>k{a{x)))da 



\det{A)\ 



-1/2 / a2 



4>kix)dx 



k + l 



1, A: — >■ oo. 



Having in mind that |det(^)| = 1, that (j) satisfies the hypotheses in the statement and 
using Holder's inequahty we obtain that 



sup 



Hence, the conclussion follows. 



{x)<)){a{x))dx < 1 = [det(^)r^/^ 



Case II. Assume that the corresponding matrix of A in the canonical basis is given by 
3.5p . For any j € N we set 

/ cosUe) + sm{j0) + {j - 1) cos((i - 1)6) + (j - 1) sin((j - 1)6) \ 
cosijO) - sm{j6) + {j - 1) cos((i - 1)6) - (j - 1) sin((j - 1)6) 
cos{j6) + sm{j6) 
cos{j6) — sm{j9) 




(3.6) a^(q) 



v 







Observe that for q = (1, 1, 1, 1, ... 0), we have a-'(q) 7^ q if j € {0, . . . , A;}, where /c is a no 
negative integer number. So a^{q} 7^ a'(q) if l,j G {0, . . . , k} and j 7^ I. Thus, by continuity 
of the linear map a, there exists B CM.'^ a ball with the center at the point q and radius less 
or equal to 1 such that a^{B) D a\B) = if j, / G {0, 1, . . . , A;}, j ^ I. 

Given A; G N, A; > 7, we set the function 



k 



Mx) =2^XaJ{2-'<:B)ix). 
j=0 

Observe that the function 0^. is supported in the unit ball. If x is in the support of (pk then 
there exists j G {0, 1, . . . , A;} such that \x — a-'(q)| < 2—k and we have 

\x\ < |x — a-'(q)| + |a-'(q)| 

< 2-'' + 2-^(2(2 + 2(j - 1))2 + 2=^)1/2 < 2-^^ + 2-^'(2(2 + 2(A: - l))^ + 2 2"^)^/^ 

< 2-'= + 2'^(2(4(A: - 1))2 + 2(A: - 1)2)1/2 



< 2-" + 2-^{2^{k-l 



^2^1/2 



2-/0 ^ 2-^+^{k - 1) < 2-''-+*(A: - 1) < 1. 
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Further, 



On the other hand, 



t>k\\l2 



Y,\a'i'2-''B)U = 2-''''{k + l)\BU. 

j=0 



Thus 



f (t>k{x)<Pk{a{x))dx = y^\a^{2-^B)U = 2-^''k\B\ 
/ (t)k{x)(l)k{a{x)))dx 



|det(A)r^/2 / 02 (^^^^ 



k + 1 



— )• 1, A; — )• oo. 



Now, we observe, as we did before, that 

sup / (l){x)(j){a{x))dx < 1. 

Hence, the conclusfon fohows. 



□ 



Now we are ready to proceed with the proof of our main result concerning hnear maps a. 

Proof of Theorem \1.4\ According to Theorem 11.21 

hm \i{Br) = Ai(M'^) > 2(1 - I det{A)\-^/^f [ ij{z)dz. 

So, if we prove 

(3.7) hm XiiBjt) = Xi{M.'^) < 2(1 - | det{A)\^^^^f [ ^{z)dz, 

the proof is finished. Let us see that (13. 7p holds. 



Using Jordan's decomposition, there exist C and J two d x d invertible matrices with real 
entries such that A = CJC^^. Note that J is defined by Jordan blocks, i.e. 



/ ^i(Ai) 



(3.8) J 



with 



Jr+i(ai,/3i) 



Jr+s(as,/3s) / 



(3.9) 



4(A) 



A 1 \ 

1 



k = l,...,r, 
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or 

/MI \ 

(3.10) Jfe(a,/3)= ••. I , k = r + l,...,r + s. 

Here A, a and /3 are real numbers, M = ( ^„ ^ ] and I — ' ^ ^ 



(5 a ) V 1 

Given a. x Jordan block as in (j3.9p or ()3.10p . then either J}, or Jj^^ is expansive, or 
the corresponding eigenvalue has absolute value equal to 1. Then by Lemma 13.31 or Lemma 
[33] there exists {(pf^}f=i S L'^iR'^"), 

\\'f'j\\L^{R'^k) — 1) a sequence of functions supported in 

the unit ball of M'^'= such that 

(3.11) lim / (f>f\x)(l)f\jkix))dx = \det Jk\-^/\ 

For J E N, we choose 

r+s 

, . . . , 4? , , -'r' , • • • , 4r') = n 4' ^ ) 

k=l 

and 

^■{x) = (r + s)-'^'^\\C-^\\-^''^\deiC\-^/^^j{{r + s)-^'^\\C-^\\-^C~\), 

where ||C^^|| denotes the norm of as operator on W^. Observe that $j is supported in 
Bi and ||*l*j ||i2(]gd) = 1 After the change of variable ||C^"'^||^^C^"'^x = y, we have 



lim / (bj{x)^j{a{x))dx 



(3.12) 



(r + s)-'i/2||c.-i||-i|cletC7|-i lim f ipj{{r + s)-^l^\\C-'^\\''^C~^x) 

X99j((r + sy^)^C-^\\-^C-^C JC-^{x))dx 

r. r+s .. 

lim / ip^{y)ip^{Jy)dy = \\ X\Wl / (l)f\x)())f\jk{x))dx 

r+s 

= nidet MXk)\''/^ = \det{A)\-'/\ 

k=l 

Again, using Holder's inequality, we obtain, for any function (j) as in the statement, 
(3.13) [ ^{x)^{a{x))dx <\det{A)\^^/^. 

Therefore, we have 

/ (</.(x)-,/.(a(x)))' = l + |det(^)|-i-2 / -/.(x)</.(a(x)), 
then by ([3T2]l and ([3T3]l . 

inf 



/ U{x) - <P{a{x))) =(l-|det(A)ri/2)2. 
1 .had V / 
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Hence, using the results contained in Lemma |3. II the proof is finished. 
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